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Forewords : I believe the only way of surviving the world of formulas is
to understand these formulas. Understanding the raison d’être of a formula, be
it rather simple, is extremely rewarding. The understanding of the mechanics
that leads to a result also serves as a powerful mnemonic. Understanding is the
best way to memorize a formula for good. I hope this note will help you in that
matter with respect to these simple counting problems. If it does not, do not
give up! Find another resource where the topic is presented better or simply
differently – there must be many. Everybody has her own way to understand
mathematics. It is not because you do not understand counting formulas the
way I do that you’ll never understand it at all.
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Permutations : permuting items along a shelf

Assume you have a set of distinct items you need to arrange along a shelf. The
order of the items is relevant to you, so that an arrangement in which a picture
of your parents comes first and your office lamp second is different from another
in which you put the lamp first and the picture second. How many different
arrangements can you do with a given number of items?
Inductive method:
• With 1 item : only 1 way of permuting ([A])
• With 2 items : 2 ways of permuting ([AB] or [BA]).
Notice that this can be formulated as : with two items, we have two ways
of selecting the first item on the shelf (one way is to select A, the other is
to select B), and for each of these two ways, only one way of selecting the
second. So there are 2 × 1 possible permutations.
This formulation of the argument might seem convoluted, but it will be
useful later when tackle other combination problems.
• With 3 items :
– either A is the first item: then there are 2 ways of arranging B and
C in the 2 remaining spots ( [BC] and [CB], by virtue of the former
step).
– or B comes first : then there are 2 ways of arranging A and C in the
2 remaining spots,
– or C comes : then there are 2 ways of arranging A and B in the 2
remaining spots,
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Figure 1: Permutations of three elements : 3 × (2 × 1)
All in all, there are 6 ways of permuting the items ([ABC], [ACB], [BAC],
[BCA], [CAB] and [CBA]), or 3 × (2 × 1) ways : for each of the 3 items
that could take the first place, their are two ways of permuting the two
remaining items.
• With 4 items ? There are 4 ways to chose the first items, and for each
of these 4 ways, 6 ways of placing the remaining three items in the three
remaining spots (by the former step).
This means 24 ways of permuting 4 items, or 4 × (3 × (2 × 1)), see figure
3.
The general formula is :
Number of ways of permuting n items = n × (n − 1) × (n − 2) × ... × 1

(1)

The canonical notation for this expression is n!, which reads “n factorial”.
• With n items, you have n ways to chose the first item on the shelf.
• For each of these n ways, their are (n − 1) ways of selecting the second
item on the shelf (you cannot put the first item in first and second place
at the same time!), which means that you can make n × (n − 1) different
choices as far as the two first positions are concerned.
• Then, for each of these n × (n − 1) ways of selecting the two first items
on the shelf, you still have (n − 2) ways to select the third item, i.e. there
are n × (n − 1) × (n − 2) ways of selecting the three first item.
• etc.

1.1

Permuting items when there are more items than slots

The last reasoning showed how to determine the number of ways to permute
n items among n slots. What will happen when there are less slots than items
(i.e. some items will not be put on the shelf).
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Figure 2: Permutations of four elements : 4 × (3 × 2 × 1)
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Figure 3: Permutations of five items on 3 slots : 5 × (4 × 3)
Consider the case of 5 items and 3 slots. You can make 5 different choices as
far as selecting the first item is concerned. For each of these choices, there are
4 ways of selecting the second item (the item you selected to go in first place
cannot be put again in second place!). For each of these ways of selecting the
two first items, there are 3 ways left to select the third items (the two items you
put on the two first slot cannot go in the third slot too). This means 5 × 4 × 3
ways of arranging the 5 items in 3 slots.
Now come the “weird” general formula which we would like to understand
so that we do not forget it.

Number of ways of permuting n items among k slots =

n!
(n − k)!

(2)

To understand the formula we must use the result of the former section (in
equation (1)). We know that there are 5! ways of permuting 5 items among 5
slots. Among this set of 5! permutations, some arrangements have distinct three
first items. For some other arrangements, the three first items are the same. For
instance, the three first items of [ABCDE] and [ABDCE] are distinct, whereas
the three first items of [ABCDE] and [ABCED] are identical.
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So, if we want to count the number of possible permutation of 5 items among
3 slots, 5! is too big. In effect, in the set of 5! permutation, there are some
permutations for which the three first items are identical, as with [ABCDE] and
[ABCED]. If we are interested in the number of different permutation of the
three first items and we count both [ABCDE] and [ABCED], we count the same
combination of the three first items [ABC] twice.
So the question is : how many duplicate of each permutation of the three
first items are there in the set of all permutations of 5 items among 5 slots? Well,
in our simple example, we can see that for every arrangement of 3 items in the
three first place, there are 2 possible arrangements of the last two. From [ABC],
one can form either [ABCDE] or [ABCED]. So the number of permutations of
5 items among 5 slots is exactly twice bigger than the number of permutations
of 5 items among 3 slots.
In general, when there are n items and k available slots, once we have placed
k items on the shelf, we are left with n − k items. If there were n − k more slots
on the shelves, we could form (n − k)! permutations of these items. So there
are exactly (n − k)! more possible permutations of n items among n slots than
there are permutations of n items among k slots. This brings us back to our
previous formula
This reasoning can be applied to other combinations of number of items and
slots. It may appear twisted, but it provides an effective general formula:

Number of ways of permuting n items among k slots =

n!
(n − k)!

(3)

In case you wondered 0! is equal to 1, so the formula does work for k = n.
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Combinations : making groups of items

What if the order of the arrangement does not matter? Imagine that we are
interested in the number of groups that can be formed out of a set of items. A
group composed of A and B is identical to a group composed of B and A : order
does not matter. With a set of n different items, we want to know the number
of groups of k items that can be formed. Let’s look at some examples.
• Number of groups of 1 item :
– with 1 item : 1 way of forming a group of one item : (A)
– with 2 items : 2 ways of forming a group of one item : (A), and (B)
– with 3 items : 3 ways
– etc.
• Number of groups of 2 items
– with 1 item : no way! impossible to make a group of 2 items out of
1 item
– with 2 items : 1 way : (A,B)
– with 3 items : 3 ways : (A,B), (B,C),(A,C)
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– with 4 items : 6 ways : (A,B),(A,C),(A,D),(B,C),(B,D),(C,D)
– with 5 items? It already becomes quite tedious to enumerate... Can
we find a regularity to find the solution without writing down every
possibilities?
A good way to do so is to start from the result in last section, about
permuting items when there are more items than slots (formula (3) in 1.1.
Using this result, we will reformulate the problem of forming groups of 2
items. This reformulation might appear a bit twisted, but it will prove
effective:
– with 1 item : no way! impossible to make a group of 2 items out of
1 item
– with 2 items : We know that there are 2!/(2 − 2)! = 2 ways to make
permutations of 2 items on 2 slots. These two permutations are
[A,B] and [B,A]). But only half of these permutations are actually
different groups (the group (A,B) is represented twice in the list of
permutations). So the answer for the number of groups is (# means
“number”):
h
i
# of permutations of two items among two slots
h
i
÷ # of repetitions of the same group among the permutations
2! 1
(2 − 2)! 2
=1
=

– with 3 items there are 3!/(3 − 1)! = 6 ways of permuting the 3 items
among 2 slots. These 6 permutations are [A,B], [B,A], [B,C], [C,B],
[A,C] and [C,A]. But again, only half of these permutations are actually different groups (each group is represented twice in the list of
permutations) So we have:
h
i
# of permutations of two items among two slots
h
i
÷ # of repetitions of the same group among the permutations
3! 1
(3 − 2)! 2
=3
=

– with 4 items : there are 6 ways of forming groups (A,B), (A,C), (A,D),
(B,C), (B,D), (C,D). Can we still divide the number of permutation
of 4 objects among 2 slots by 2 and get the desired result?
4! 1
= 6,
(4 − 2)! 2
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it works!

– what about 5 items? Do it as an exercise (there is still two replica of
each group in the set of permutations).
The only think we do not know yet, is how to determine the number
of repetitions that will appear in the permutations. So far, we figured
out intuitively that, with groups of 2 items, the set of permutations will
contain twice each possible group.1 What about the set of permutations
of, say, 29 items among 5 slots? How many of these permutations will be
identical groups? This is a priori not obvious. Let’s think about it.
Let’s consider any group of 5 items. Say that this group is (A,B,C,D,E).
We know that there exist 29!/(29 − 5)! permutations of 29 items among 5
slots. The set containing th 29!/(29 − 5)! permutations will contain each and
every permutation of (A,B,C,D,E) you can think of ([ABCED], [CEDAB],
[BCEDA], etc.). How many are they? Well, we know this from section
1 : 5!. If this is true of (A,B,C,D,E), it is true of any other group of 5
items in the set of permutations. So each group of 5 items is represented
in the set of permutations by 5! “versions” of itself. These version only
vary by the order in which the items are positioned, and as we care about
groups only, we do not care about this order. If we want to recover the
number of groups out of the number of permutations, we therefore divide
the number of permutations by 5!.
1
29!
(29 − 5)! 5!
29!
=
(29 − 5)! 5!

# of permutations ÷ # of repetitions among the permutations =

The general formula for the number of groups of k items one can form out
of a set of n items is:

# of permutations of n items among k slots ÷ # of repetitions =

n!
(n − k)! k!
(4)

You can check that this formula indeed leads to an impossibility when
k > n (knowing that factorial of a negative number is indefinite, see
http://mathforum.org/library/drmath/view/60851.html)
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And if you can repeat the items?

Assume now that you have a huge stock of different items, say blue (B), red (R)
and green (G) balls (think of the mastermind game). You can repeat the same
color as many times as you want (you stock of balls of each colors is really very
large), but you can only fill a certain number of slots, say four. The order of
the balls matters so that, for instance, (B,R,G,B) is distinct from (R,B,G,B).
1 In different orders but that is precisely the point with group : we do not car about the
order of the items.
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How many distinct arrangement can you form with a stock of balls of the three
colors and four slots?
• You must chose one color for the first slot : B, R or G.
• No matter the choice you made for the first slot, you can again choose
any of the three colors for the second slot. So on the two first slots the
number of possible arrangement is 3 × 3 = 32 : BB, BR, BG ; RB, RR,
RG; GB, GR, GG.
• Again, in the third slot you have to choose either B, R, or G. So for the
three first slots, the number of arrangement is 3 × 3 × 3 = 33
• Similarly for four slots, the number of arrangements is 34 .
As you may have guessed, the general formula for the number of arrangements of n different kinds of items among k different slots is:
nk
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(5)

